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Laser diodes subject to a delayed optical feedback may exhibit high-frequency oscillating intensities as a
result of a beating between two external-cavity-modes 共ECMs兲. We analyze the conditions for the stability of
these microwave oscillations in the framework of the Lang-Kobayashi equations for a single-mode edgeemitting semiconductor laser 关R. Lang and K. Kobayashi, IEEE J. Quantum Electron. QE-16, 347 共1980兲兴. We
show that two different scenarios are possible. If the linewidth enhancement factor is relatively large ( ␣ ⫽2
⫺5), the beating occurs between a stable ECM 共mode兲 and an unstable ECM 共antimode兲. The stability of the
time-periodic solution is then limited in parameter space. But if the linewidth enhancement factor is sufficiently
low ( ␣ ⭐ ␣ c ⯝1), a beating between two stable modes is possible allowing stable high-frequency oscillating
outputs.
DOI: 10.1103/PhysRevA.66.033809

PACS number共s兲: 42.65.Sf, 05.45.⫺a

I. INTRODUCTION

Semiconductor lasers subject to optical feedback from an
external cavity 共EC兲 exhibit a variety of instabilities depending on the values of the laser parameters such as the EC
length, the feedback strength, or the pump parameter. The
coherence collapse regime 关1兴 typically occurs in systems
with sufficiently long 共1 cm and more兲 ECs. Beyond a critical feedback rate, we note a sudden increase in linewidth as
well as a drastic increase in the relative intensity noise. Coherence collapse results from the interaction between the laser relaxation oscillation frequency and the EC mode 共ECM兲
frequencies. Its chaotic dynamics has been widely studied
关2–5兴. It disappears for short ECs 共typically less than 5 mm兲
as the ECM spacing becomes much larger than the laser
relaxation oscillation frequency.
However, Tager and Elenkrig 共1993兲 关6兴 and Tager and
Petermann 共1994兲 关7兴 found that another instability is possible for short ECs that results from a beating between two
ECMs. They studied the Lang-Kobayashi 共LK兲 equations 关8兴
that describe the dynamics of a single-mode edge-emitting
laser subject to a weak to moderate optical feedback. By
numerical simulations and linear stability arguments, they
showed that an oscillatory instability resulting from the beating of two ECMs could lead to an efficient source in the
microwave (⬎20 GHz) region. The work by Tager and Petermann 关7兴 on short ECs was motivated by the effects of
optical feedback due to reflection at fiber pigtails, in optical
fiber connectors. It led to interesting guidelines for the design of high-speed laser diodes with an integrated passive
cavity where the EC is typically short 关9兴.
Analytical studies of the LK equations 关10兴 have yielded
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insight into this beating regime between ECMs. In addition
to the single-ECM solutions, two-ECM solutions of the LK
equations are possible. Of particular engineering interest is
the fact that these two-ECM solutions exhibit a rapidly oscillating intensity. The oscillations clearly result from a beating between two single-ECMs and the frequency is proportional to the inverse of the external-cavity round-trip time.
The two-ECM solutions appear through a Hopf bifurcation
bridge connecting a stable ECM 共mode兲 and an unstable
saddle-type ECM 共antimode兲. This means that the highfrequency outputs for the parameters considered in Refs.
关6,7兴 are only partially stable.
This raises the important question of the stability of a
two-ECM solution. Is a stable beating between two ECMs
possible in a semiconductor laser subject to optical feedback? In this paper, we show that this is indeed the case for
particular values of the laser parameters. Using the LK equations, we determine analytical conditions for a stable beating
and we test our results by using a numerical continuation
method for delay differential equations 关11兴.
The existence of high-frequency two-ECM regimes has
motivated a series of recent experimental and theoretical
studies. First, the beating between a mode and an antimode
found for short ECs also appear for long ECs 关12兴. Second,
experimental observations of two-ECM regimes were possible for an edge-emitting laser subject to two optical feedbacks 关13–15兴. The mixed mode regime was shown to be
partially stable and quasiperiodic outputs leading to lowfrequency fluctuations 共LFF兲 were observed after its destabilization 关15兴, in good agreement with the theory 关10,12兴. LFF
consists of irregular fluctuations of the laser intensity on microsecond to nanosecond time scales. These time scales are
long compared to the laser relaxation oscillation period and
the external-cavity round-trip time. Third, high-frequency oscillations have been experimentally observed in verticalcavity surface-emitting lasers 共VCSELs兲 subject to a polarization rotating optical feedback 关16兴. Systematic numerical
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bifurcation studies of the rate equations 关17,18兴 have revealed that these oscillations result from the interaction between two stable ECMs 共modes兲. In all these experimental
and theoretical studies, only partially stable microwave oscillations were reported. In this paper, we examine the bifurcation diagram of the LK equations and determine the conditions for stable microwave oscillations. Our analysis is
based on the stability properties of a particular point 共called
a two-ECM point兲 at which two single-ECM solutions exhibit identical intensities. Delayed laser systems admitting a
large number of ECMs, such as the double cavity or the
VCSEL system, exhibit many of these two-ECM points and
are good candidates for efficient sources of stable microwave
oscillations.
The plan of the paper is as follows. In Sec. II, we introduce the dimensionless LK equations 关8兴 describing a semiconductor laser exposed to optical feedback from a flat external mirror. The typical values of the photon and carrier
density decay rates then motivate an asymptotic analysis of
these equations. We omit all mathematical details for clarity.
In Sec. III, we discuss the leading order conditions for a
two-ECM beating in terms of the linewidth enhancement
factor. We find that a stable beating is always possible if the
linewidth enhancement factor is sufficiently low. Our conclusions are tested numerically in Sec. IV by determining the
bifurcation diagram of the steady and time-periodic intensity
solutions.
II. FORMULATION, EXTERNAL CAVITY MODES,
AND BEATING BETWEEN MODES

The LK equations 关8兴 describe a single longitudinal mode
edge-emitting laser subject to a weak to moderate external
optical feedback. Previous theoretical and numerical studies
of these equations 共see Ref. 关19兴 and references therein兲 have
shown that we may benefit from the relative order of magnitudes of the laser parameters. They motivate asymptotic
theories of the LK equations leading to simplified problems.
The solutions of these problems highlight specific bifurcation
scenarios responsible for the laser rich dynamics. The starting point of any asymptotic analysis is to write dimensionless equations. The LK dimensionless rate equations are two
equations for the electrical field Y and the excess carrier
number Z given by 关20兴
dY
⫽ 共 1⫹i ␣ 兲 ZY ⫹  exp共 ⫺i   兲 Y 共 s⫺  兲 ,
ds
T

dZ
⫽ P⫺Z⫺ 共 1⫹2Z 兲 兩 Y 兩 2 .
ds

共1兲

FIG. 1. Bifurcation diagram of the first two single-ECM solutions. Figures 共a兲 and 共b兲 show the intensity 兩 Y 兩 2 ⫽A 2 and the frequency ⌬⫽   of each ECM. They are obtained by changing ⌬ and
computing   and A from Eqs. 共4兲 and 共5兲, respectively. The arrow
in Fig. 1共a兲 indicates the point where the two single ECMs admit
the same intensity and is called a two-ECM point. The values of the
parameters are P⫽1.155,  ⫽18, ␣ ⫽4, and   ⫽⫺arctan(␣). The
first ECM frequency is constant (⌬ 1 ⫽   ) while the second ECM
frequency emerges from a limit point. At the two-ECM point ⌬ 2
⫽⫺⌬ 1 ⫺2  .

linewidth enhancement factor, and T is typically an O(103 )
large parameter for semiconductor lasers. Equation 共2兲 then
suggests that Z is a function of the slow time variable T ⫺1 s.
We shall take advantage of this observation in our analysis.
A basic solution of the LK equations 共1兲 and 共2兲 is a
single-frequency solution of the form
Y ⫽Aexp关 i 共  ⫺  兲 s 兴

and Z⫽B where A,  , and B are constants. It is called an
ECM solution. Substituting Eq. 共3兲 into Eqs. 共1兲 and 共2兲
leads to conditions for A, B, and  . Specifically, the ECM
frequency ⌬⬅   admits the implicit solution

  ⫽⫺

⌬⫺  
␣ cos共 ⌬ 兲 ⫹sin共 ⌬ 兲

共4兲

and the intensity of each ECM is given by

共2兲

In these equations, time s is measured in units of the photon
lifetime  p (s⬅t/  p ). The parameters T and  are defined as
T⬅  n /  p and  ⬅  /  p where  n and  are the carrier lifetime and the external round-trip time, respectively, 
⬅  0  p is the angular frequency of the solitary laser  0 normalized by  ⫺1
p ,  ⬅ ␥  p is the feedback rate ␥ normalized
by  ⫺1
,
P
represents
the excess pump current and ␣ is the
p

共3兲

A 2⫽

P⫹  cos共 ⌬ 兲
⭓0.
1⫺2  cos共 ⌬ 兲

共5兲

Using Eqs. 共4兲 and 共5兲, we may study how the ECM solutions appear as we progressively increase the feedback rate
共see Fig. 1兲. Although Eq. 共3兲 is an exact solution of Eqs. 共1兲
and 共2兲, a two-ECM solution of the form
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and Z⫽B is not an exact solution of the LK equations. Nevertheless, it is the leading approximation of an asymptotic
solution valid for large T 关10兴. This solution exists at and
near critical points where two single ECMs admit the same
intensity 关10兴 共this point is indicated by an arrow in Fig. 1兲.
This point is called a two-ECM point and is described analytically in the next section. Using Eq. 共6兲, the intensity of
the laser field is

the linewidth enhancement factor and show that this case is
possible. A branch of stable two-ECM solutions connecting
two stable bifurcation points is then possible.
The conditions for a two-ECM point is documented in
Ref. 关10兴. The critical ECM frequencies ⌬ 1 , ⌬ 2 satisfy the
following conditions:
⌬ 1 ⫽   ⫺ 共  n⫺⌬ 1 兲关 ␣ cot共 ⌬ 1 兲 ⫹1 兴 ,

共8兲

⌬ 2 ⫽⫺⌬ 1 ⫹2  n,

共9兲

兩 Y 兩 2 ⫽ 兩 A 1 兩 2 ⫹ 兩 A 2 兩 2 ⫹2 兩 A 1 兩兩 A 2 兩 cos关共  1 ⫺  2 兲 s⫹  兴 , 共7兲

where  is a phase. By contrast to the single-ECM solution
共3兲, the intensity of the two-ECM solution 共6兲 is oscillating
with extrema ( 兩 A 1 兩 ⫾ 兩 A 2 兩 ) 2 and frequency 兩  1 ⫺  2 兩 . In
Refs. 关10,12兴, we showed that this solution emerges from a
first Hopf bifurcation located on a stable ECM (mode) and
that it disappears at a second Hopf bifurcation located on an
unstable ECM (antimode). As a consequence, the two-ECM
solution 共6兲 is only stable near the first Hopf bifurcation. In
this paper, however, we show that a branch of stable solutions connecting two stable ECMs (modes) is also possible.
As we shall demonstrate analytically in the following section, the stability of the two-ECM solutions depends on the
location of the two-ECM point with respect to the saddlenode bifurcation point that creates the single-ECM solutions
in pairs of mode and antimode. A direct investigation would
be to determine analytically the stability of the two-ECM
solutions. In order to investigate the stability of Eq. 共6兲, we
need to realize that in addition to the fast time of the ECMs
共time s), the solution of the linearized equations depends on
the slow time scales T ⫺1 s and T ⫺1/2s. The first slow time is
obvious from Eqs. 共1兲 and 共2兲 since T appears in the lefthand side of Eq. 共2兲 suggesting that Z is a function of T ⫺1 s.
The second slow time is motivated by the relaxation oscillation frequency of the solitary laser defined by  RO
⬅ 冑2 P/T. It suggests introducing a slow time scaled by
T ⫺1/2. The analysis is not a routine application of multiple
scale methods 关21,22兴 and will be described in detail elsewhere 关23兴. In the following section, we show that the location of the two-ECM point in parameter space is enough for
anticipating two distinct bifurcation scenarios.
III. STABLE AND UNSTABLE BEATING BETWEEN TWO
EXTERNAL-CAVITY MODES

Figure 1 illustrates a case where the two-ECM point is
located on the low intensity part of the second ECM branch
of solutions. It corresponds to an unstable ECM 共antimode兲
关3兴. A closed branch of two-ECM solutions connecting the
first and second ECMs through Hopf bifurcation points is
possible in the vicinity of this two-ECM point 关10兴. The first
and second Hopf bifurcation points are then located on the
stable and unstable ECMs, respectively. Consequently, the
branch of two-ECM solutions connecting these points is
stable only in the vicinity of the first Hopf bifurcation point.
We address now the following issue: Can the two-ECM
point be located on the high intensity part of the second
ECM branch of solutions, i.e., corresponding to a stable
ECM 共mode兲? We shall examine this possibility in terms of

where n⫽ . . . ⫺2,⫺1,1,2, . . . . The critical feedback rate is
given by

 ⫽  ⫺1

冉

冊

 n⫺⌬ 1
⬎0.
sin共 ⌬ 1 兲

共10兲

The case illustrated in Fig. 1 corresponds to n⫽⫺1. The
intensity of the first ECM branch of solutions increases
monotonically. But the intensity of the second ECM branch
of solutions exhibits a limit or saddle-node bifurcation point.
From this point emerges a stable and an unstable ECM solution. The lower part 共the upper part兲 corresponds to the unstable 共stable兲 solutions. The limit point satisfies the condition
d  /d⌬⫽0

共11兲

and using Eq. 共4兲, we obtain an equation for the ECM frequency at the limit point given by

␣ cos共 ⌬ 兲 ⫹sin共 ⌬ 兲 ⫹ 共   ⫺⌬ 兲关 cos共 ⌬ 兲 ⫺ ␣ sin共 ⌬ 兲兴 ⫽0.
共12兲
A two-ECM point characterized by the two frequencies ⌬ 1
and ⌬ 2 may coalesce with a limit point of mode 2. To determine this point, we consider Eq. 共8兲 with ⌬ 1 ⫽⫺⌬ 2 ⫹2  n
and Eq. 共12兲 with ⌬⫽⌬ 2 . They represent two equations for
⌬ 2 and parameters ␣ and   . To determine the function ␣
⫽ ␣ (   ) for the two-ECM limit point, we proceed as follows. First we eliminate   from Eqs. 共8兲 and 共12兲:

  ⫽⌬ 2 ⫹ 共  n⫺⌬ 2 兲关 ␣ cot共 ⌬ 2 兲 ⫹1 兴
⫽⌬ 2 ⫺

␣ cos共 ⌬ 2 兲 ⫹sin共 ⌬ 2 兲
.
cos共 ⌬ 2 兲 ⫺ ␣ sin共 ⌬ 2 兲

共13兲
共14兲

After simplifying, we obtain a simple relation between ␣ and
⌬ 2 given by

␣⫽

冉

冊

1
sin共 ⌬ 2 兲
cos共 ⌬ 2 兲 ⫹
.
sin共 ⌬ 2 兲
 n⫺⌬ 2

共15兲

Using Eq. 共13兲 for   ⫽   (⌬ 2 ) and Eq. 共15兲 for ␣
⫽ ␣ (⌬ 2 ), we have the solution ␣ ⫽ ␣ c (   ) in parametric
form (⫺  ⬍⌬ 2 ⬍  ). The solution is displayed in Fig. 2.
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FIG. 2. Two-ECM limit point. The figure gives the critical value
of ␣ at which a two-ECM point coalesces with a limit point of
single ECMs. ␣ ⫽ ␣ (   ) is obtained using Eqs. 共15兲 and 共13兲 with
n⫽⫺1. We use the same values of the laser parameters as in Fig. 1.
The dotted line corresponds to the particular value  
⫽⫺arctan(␣) used for all our bifurcation diagrams. We note that ␣
maximal value remains close to ␣ ⫽1.

If we assume that   ⫽⫺arctan(␣) as in Refs. 关7,10兴
共dotted line in Fig. 2兲, we find a specific value of ␣ which is
the root of

␣
1⫺ ␣ 2

⫽  n⫺arctan共 ␣ 兲 .

共16兲

If ␣ ⬍ ␣ c ( ␣ ⬎ ␣ c ), the two-ECM point is located on the
stable part 共unstable part兲 of the second ECM branch of solutions. Consequently, we may expect a stable bridge of solutions connecting the two single-ECM branches if ␣ is sufficiently low. This hypothesis is investigated in the following
section by determining the bifurcation diagrams of the stable
steady and time-periodic intensity solutions for progressively
smaller values of ␣ .
IV. NUMERICAL BIFURCATION DIAGRAMS

In this section, we use a numerical continuation method
specially developed for delay differential equations 关11兴 and
concentrate on the bifurcation diagram of the two first ECM
solutions as  progressively increases. In addition to two
single-ECM branches of solutions, we find a branch of twoECM solutions that connects the two single-ECM branches.
Because our numerical method allows the determination of
stable and unstable solutions and marks all bifurcation
points, we may observe how the closed branch of two-ECM
solutions gradually stabilizes as we decrease ␣ and as it
passes ␣ c .
We first consider the case ␣ ⬎ ␣ c ; see Figs. 3共a–c兲. The
first mode exhibits a Hopf bifurcation 共indicated by a diamond in Fig. 3兲 that gives rise to a time-periodic solution.
This time-periodic solution corresponds to a two-ECM solution, with a frequency given by 兩  1 ⫺  2 兩 /2 , in first ap-

FIG. 3. Numerical bifurcation diagram of the single and twoECM solutions. Each figure represents the extrema of the intensity
I⬅ 兩 Y 兩 2 as a function of  . Full and broken lines correspond to
stable and unstable solutions, respectively. The stable and unstable
solutions of Eqs. 共1兲 and 共2兲 have been obtained by using a continuation method. The value of ␣ is given by 共a兲 ␣ ⫽4, 共b兲 ␣ ⫽2,
共c兲 ␣ ⫽1.25, and 共d兲 ␣ ⫽1. The values of the fixed parameters P,  ,
  are the same as in Fig. 1 and T⫽1710. All figures show a
closed branch of two-ECM solutions connecting two Hopf bifurcation points 共diamonds兲. This branch changes stability at a torus
bifurcation point 共square兲. The torus bifurcation point progressively
moves to the right Hopf bifurcation point as ␣ progressively decreases. In Fig. 3共d兲 the closed branch of two-ECM solutions is
stable.

proximation.  1 and  2 are the frequencies of the two ECMs
whose intensities are equal at the two-ECM point. The twoECM solution then changes stability through a torus bifurcation point 共indicated by a square in Fig. 3兲. At the torus
bifurcation point a new frequency appears that is proportional to the laser relaxation oscillation frequency, i.e., is an
O(T ⫺1/2) small quantity. Our continuation method allows to
follow the two-ECM solution when it becomes unstable
共shown in dashed line兲. We find that the branch of two-ECM
time-periodic dynamics ends at a Hopf bifurcation point on
an antimode. Modes and antimodes are therefore connected
through a Hopf bifurcation bridge and the dynamics observed along the bridge corresponds to a mixed ECM solution 关10,12兴.
Figure 4 shows a typical quasiperiodic output for the laser
intensity I⬅ 兩 Y 兩 2 and the field phase difference  (s)⫺  (s
⫺  )⫹   . A slow modulation of the intensity oscillations
appears at the relaxation oscillation frequency given by f RO
⬅ 冑2 P/T/2 . For the parameters considered in Fig. 3, it
corresponds to f RO ⬃5.85 GHz if  p ⫽1 ps.
Figure 5 shows the optical spectra for the dynamical behaviors that characterize the Hopf bifurcation bridge between
a mode and an antimode. As we gradually increase the feedback rate, the first ECM 共a兲 destabilizes to a two-ECM dynamics 共b兲 and then quasiperiodic oscillations occur 共c兲. We
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FIG. 4. Quasiperiodic dynamics after a torus bifurcation point of
the two-ECM solution. The parameters are the same as in Fig. 3共b兲
and the feedback rate is  ⫽0.125. Figure 4共a兲 shows the laser
intensity I⫽ 兩 Y 兩 2 as a function of time s while Fig. 4共b兲 shows the
evolution of the field phase difference variable  (s)⫺  (s⫺  )
⫹   . Note that it periodically switches between rapid oscillations
located near one of the two single-ECM frequencies.

see clearly that the microwave oscillations involve twoECMs, but only the highest frequency peak which corresponds to a mode can be isolated in Fig. 5共a兲. The lowest
frequency peak corresponds to an antimode, which is unstable and therefore not available to experiment and/or direct
numerical integration of the rate equations. As the two-ECM

FIG. 5. Optical spectra. In the left column, the spectra correspond to a mode-antimode bridge. The values of the parameters are
the same as in Fig. 3共b兲, with  p ⫽1 ps, and 共a兲  ⫽0.12, 共b兲 
⫽0.123, 共c兲  ⫽0.125. Figures 5共a兲–5共c兲 illustrate the typical spectrum of a single ECM, a two-ECM, and a torus regime, respectively. In the right column, the spectra correspond to a stable modemode bridge. The values of the parameters are the same as in Fig.
3共d兲, with  p ⫽1 ps, and 共d兲  ⫽0.18, 共e兲  ⫽0.182, 共f兲  ⫽0.185.
Figures 5共d兲–5共f兲 illustrate the spectrum of the first single ECM, the
two-ECM solution, and the second single ECM.

solution changes stability to a quasiperiodic output, side
peaks appear around the main beating ECMs, with a frequency separation between the side and the main peaks approximately corresponding to f RO . The recent experiments
on double cavity feedback 关15兴 are relative to bifurcation
bridges between a mode and an antimode, similar to what is
shown in Fig. 3共a–c兲, and the transition between the twoECM dynamics and the quasiperiodic behavior as presented
in the optical spectra of Fig. 5共a–c兲 has been confirmed experimentally in Ref. 关15兴.
When ␣ decreases, the two-ECM point becomes closer to
the saddle-node bifurcation point that creates the pair of
mode and antimode until it merges with this limit point for
␣ ⫽ ␣ c . As ␣ passes through ␣ c , the two-ECM point is now
located on a mode branch; see Fig. 3共d兲. The torus bifurcation point disappears giving rise to a stable branch of solutions connecting two stable ECM solutions. Figure 5共e兲
shows the optical spectrum for the two-ECM solution. When
we decrease the feedback, we isolate the highest frequency
peak, which corresponds to the first mode 关see Fig. 5共d兲兴. On
the other hand, increasing the feedback rate isolates the lowest frequency peak, which corresponds to the second beating
mode 关see Fig. 5共f兲兴. By contrast to the situation depicted in
Fig. 5共a–c兲, both beating ECMs can be isolated in the optical
spectra and quasiperiodic oscillations do not occur.

V. DISCUSSION

To summarize, we have performed a bifurcation analysis
of the LK equations and shown that stable microwave oscillations can be generated in a semiconductor laser subject to
optical feedback. These high-frequency time-periodic intensities correspond to a two-ECM solution of the LK equations
and result from a beating between two stable ECMs 共or
modes兲. The stability of the microwave oscillations has been
analyzed in an asymptotic expansion of the LK equations
valid for large ratio between carrier and photon lifetime, and
the validity of our theoretical assumptions has been checked
through numerical computations of stable and unstable timeperiodic solutions. The main conclusion is that stable twoECM solutions 共and therefore stable microwave oscillations兲
are possible for a sufficiently low ␣ factor ( ␣ ⭐ ␣ c ⯝1).
Low ␣ factors are desirable since they improve the intensity modulation characteristics and reduce the chirp. The ␣
factor depends on the detuning between the emission wavelength and the material gain peak. In Fabry-Perot type lasers
the emission wavelength is given by the gain peak and the
control of ␣ to a large extent is difficult. But distributedfeedback-type lasers or VCSELs for example emit at a wavelength that is determined by the grating period and the laser
design, and can strongly be detuned from the gain peak. The
␣ factor can be further reduced using multiple quantum wells
in the active region 关24兴 or strain effects in the energy bands
关25兴. It is worth noting that the influence of the ␣ factor on
the dynamics of semiconductor lasers subject to optical feedback has been recently examined experimentally for long
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cavities 关26,27兴, i.e., for external cavity round-trip time much
larger than the relaxation oscillation period. We show here
that the reduction of the ␣ factor can transform the short
cavity induced instabilities into efficient sources of microwave oscillations.
Our results motivate further investigations in other
external-cavity configurations that might simplify the generation of these microwave oscillations. Indeed, more complicated feedback systems such as double external cavities
关13-15兴 or two-polarization laser systems 关16 –18兴 will

increase the number of two-ECM points around which twoECM solutions appear.
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