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Experiments have yielded polarization self-modulation in vertical-cavity surface-emitting lasers (VCSELs) subject to a p兾2 polarization-rotating optical feedback. The phenomenon has been simulated numerically, but
its bifurcation has never been explained. We show that polarization self-modulation results from a Hopf bifurcation mechanism that can be analyzed in terms of the laser feedback parameters. Our analysis predicts
other bifurcations for low values of the feedback rate, which explain why more-complex time-dependent outputs
have been observed as alternatives to polarization self-modulation. © 2002 Optical Society of America
OCIS codes: 190.3100, 250.7260.

In general, the light emitted by a cylindrical vertical-cavity surface-emitting laser (VCSEL) is linearly
polarized along one of two preferential directions
(called x and y).1 Polarization self-modulation (PSM)
has been experimentally observed in a VCSEL that
was subjected to optical feedback through a quarter-wave plate whose optical axis was located at 45±
to the VCSEL eigenaxes.2 – 6 Every round-trip time,
the quarter-wave plate caused the polarization of the
light reentering the laser cavity to rotate 90±. By a
polarization injection-locking mechanism,2 the light
was then forced to switch periodically between x and
y linear polarizations with a period close to twice the
external cavity round-trip time. Previous numerical
studies have simulated PSM,4,5,7 but the dynamic
instability that is responsible for PSM has not been
elucidated.
Here we investigate the bifurcation mechanism that
leads to PSM and show that more-complex forms of polarization dynamics are possible. They explain why
chaotic outputs are sometimes observed,4,5 and they
agree with observations reported for TE– TM PSM
experiments that used edge-emitting lasers.8,9 Our
numerical simulations use rate equations that extend
those proposed by Chen and Liu10 for TE –TM polarization bistability in edge-emitting lasers. With the
external optical feedback through a quarter-wave plate
taken into account, our dimensionless equations11 are
given by
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In Eqs. (1)– (5), Ex and Ey are the slowly varying
linearly polarized components of the optical field, Z
is the carrier density, s is time measured in units
of photon lifetime, a is the linewidth enhancement
factor, and T ⬅ ts 兾tp is the ratio of carrier lifetime
ts to photon lifetime tp . h is the feedback rate
normalized by tp 21 . u is the round-trip time in the
external cavity t divided by tp . t ⬅ 2L兾c, where L is
the external cavity length and c is the speed of light.
ff is the feedback phase. P is the pump parameter
above threshold. Finally, Fx and Fy are two gain
compression functions, where exx and eyy represent the
self-compression coeff icients and exy and eyx denote
the cross-compression coeff icients. Typical values
of the parameters are given by5 P 苷 0.4, T 苷 1000,
a 苷 3, exx 苷 eyy 苷 0.02, and exy 苷 eyx 苷 0.04. The
case of a short external cavity is considered f irst. If
L 苷 1.5 cm, tp 苷 1 ps and t 苷 100 ps, u 苷 100. For
simplicity, we assume that ff 苷 0, and h is our control
or bifurcation parameter.
Figure 1 shows a bifurcation diagram of the extrema
of the x linearly polarized mode intensity Ix ⬅ jEx j2
versus feedback rate h. As h is progressively increased, the laser exhibits a cascade of bifurcations
between steady and periodic states. Arrows labeled
a– f refer to particular dynamic states that we now
describe.
As soon as h is increased from zero, we note two
distinct branches of steady states (labeled a) that
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Fig. 1.
Bifurcation diagram of the extrema of Ix versus
h. The delay is u 苷 100, and the other parameters are
specif ied in the text. The labels indicate specif ic dynamic
states that are described in the text.

exhibit emission of both x and y linearly polarized
components with Ix ﬁ Iy . The first steady state
共Iy 兲 corresponds to Ix following the upper (lower)
branch. The second corresponds to Ix 共Iy 兲 following
the lower (upper) branch. Because the phase difference d between the x and y components of the f ield
is different from a multiple of p, these steady states
are elliptically polarized steady states (EPSS). The
EPSS change stability to an equal-intensity steady
state Ix 苷 Iy (labeled b) through a pitchfork bifurcation
point. This equal-intensity steady state is an external cavity mode (ECM), as for conventional isotropic
optical feedback in edge-emitting lasers.12 More
precisely, two combs of ECMs are possible for our
VCSEL. They are related to a linearly polarized
light aligned with one of the two eigenaxes of the
compound cavity, as has been experimentally4,6 observed. We call these two combs LK and anti-LK
ECMs, respectively, depending on the phase difference
d between the x and y components: d 苷 0 for the
LK ECMs and d 苷 p for the anti-LK ECMs. As we
further increase h, LK and anti-LK ECMs (c) alternately appear. It is worthwhile to stress that no more
branches of EPSS are observed. It can be shown
analytically from the steady-state equations that
EPSS are possible only near h 苷 0 and that the size
of their domain in h is proportional to the magnitude
of the gain compression coefficients.
Branches of time-periodic solutions emerge from
Hopf bifurcations located on all the ECMs. The
first branch of periodic solutions (d) corresponds to
oscillations of Ix and Iy in phase [Ix 共s兲 苷 Iy 共s兲; not
shown]. This periodic state coexits with an isolated
branch of periodic solutions (e) that exhibit antiphase
oscillations in the x and y polarization modes (not
shown). All the Hopf bifurcation branches that
appear for h . 0.018 (f ) lead to antiphase oscillations of Ix and Iy with a period close to twice the
external-cavity round-trip time; see Fig. 2. These
antiphase oscillations correspond to the PSM time
traces observed experimentally.2,4 – 6 Thus PSM is the
result of a Hopf bifurcation mechanism from either
an LK or an anti-LK ECM. In Fig. 1 (f ), branches

of periodic solutions that correspond to PSM always
overlap nearby LK and anti-LK ECMs. This suggests
that it is the interaction between these modes that
is responsible for the PSM bifurcation phenomenon.
The bifurcation can be studied both analytically and
numerically, and we may identify the roles of key
parameters such as pump and delay.
The bifurcation diagram of Fig. 1 corresponds to a
normalized delay u 苷 100. However, increasing u has
dramatic effects on the bifurcation diagram. Figure 3
represents a bifurcation diagram of the steady and periodic solutions for u 苷 140. We f irst note that the
EPSS admit of a Hopf bifurcation (labeled g) and a
secondary torus bifurcation (h). The Hopf bifurcation
leads to a periodic modulation of the EPSS, with the
two polarized modes evolving in phase at a frequency
close to relaxation oscillation
p frequency fRO of the solitary VCSEL 共 fRO ⬅ 1兾2 p 2P 兾T ⬃ 222兲; see Fig. 4(a).
The torus bifurcation leads to quasi-periodic oscillations; see Fig. 4(b). The two polarization intensities
oscillate in phase at a high frequency close to fRO , but
their envelopes are partially in antiphase. Apart from
these two new dynamic states observed at low feedback
rates, we still find an in-phase periodic state in the x
and y modes (labeled i) that coexists with an isolated
branch of periodic states exhibiting an antiphase behavior (labeled j).
We next concentrate on the Hopf bifurcations to antiphase periodic oscillations that appear alternately
from an LK and an anti-LK ECMs. Comparing Fig. 3
with Fig. 1, we note that all these bifurcations moved
to lower values of h as we increased u. Furthermore,
Hopf bifurcation points fuse together for moderate to
high feedback rates, producing a larger branch of periodic solutions (k). This means that the longer the external cavity is, the smaller is the feedback rate needed

Fig. 2. Time traces of Ix and Iy for h 苷 0.04. The values
of the other parameters are as in Fig. 1.

Fig. 3. Same as in Fig. 1 but for u 苷 140.
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an injected and delayed polarized field rather than
of the complex physical nature of the VCSEL device.
Our results have provided motivation for future experimental studies at low feedback rates as well as
observations of PSM for f ixed values of the feedback
rate but different external cavities. Finally, the
interaction and fusion of Hopf bifurcation points seen
in Fig. 3 play important roles in the stability of the
PSM regimes and have provided motivation for future
detailed studies of the Hopf bifurcation branches.

Fig. 4. (a), (b) Time traces of Ix and Iy for h 苷 0.00564
and h 苷 0.0068, respectively. The values of the other parameters are as in Fig. 3.

for stable polarization self-modulation to be observed,
as was reported experimentally.5
In summary, we have shown that experimentally
observed PSM in VCSELs subject to p兾2 polarizationrotating optical feedback results from a Hopf bifurcation to antiphase periodic oscillations from either
an LK or an anti-LK ECM (labeled f in Fig. 1). A
minimum feedback rate is needed for observation of
PSM, and increasing the delay leads to a continuous
domain of antiphase oscillations for suff iciently large
values of the feedback rate. Other regimes such as elliptically polarized steady states, coexisting antiphase
and in-phase periodic states, and quasi-periodic states
are possible but occur only for relatively low values
of the feedback rate and depend strongly on the
gain compression coefficients. From our numerical
simulations we also noted that the compression coefficients have a stabilizing effect for the large branch
of periodic solutions shown by k in Fig. 3. The PSM
phenomenon described in this Letter persists as the
result of a Hopf bifurcation as we change the values
of the parameters. The bifurcation transition to PSM
is also observed if we consider the effect of coupling
between spin sublevels4,13 in the VCSEL dynamics.
This result suggests that PSM is the consequence of
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